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Aerodynamics - Sheet 2 - Solution

Fundamentals of Fluid Mechanics

Lﬂ'.{" us use ‘H’\f_. ﬂm‘ﬁﬂun'h‘ E)Q(\LMI'IWI Gor a
Hyree — dimensiona | Clow, e, equoabion (2.1)"
o . Agu) | 3(ev) pw)
at+a¢+3-j4‘_az~ =0

For constant density Flow, this equation becontes:

U 4 B Aw
ax*aj+5—g

Toss, 2 {- 24 4T U"L} N g_‘i {%‘%ﬂ?}% UML)}

+ -3—{'4,_'_"1 UmIL. =0
o | X"+

Since. Up and L are constants and since the
dppear (N svery term, Jﬁ"-f-tj can be divided ou ieaui‘n.g:

- 29% _ _ 2xyz (024 | 242, (e-dz(D)

= O

(x+4)" (xay)? Geeg) ()’
I 5 _ —Bx‘jaat-‘?x‘*-;z — 4%
(g‘-ﬂi"}t C‘K.Ll"'jl]a
- —4KyE - 4y'e + 8xye - Ay +4gE
(‘ﬂ"+tj")3

Thmgu‘t, e Lﬂnﬁﬁuf’ﬂ-‘ e.:;unbm 's sa{‘t‘sﬁfe_c\.
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2.

For incompressible flow this becomes:

du dv dw
dx dy dz

Find the derivatives of the given velocity components:

du _ 2 du _ 5
P 3(x* +2) P 3(y* +2)
Therefore:
Mo 2 2
— 3(x% +y*+22)

Integrating yields:
w=—3z (.\'2 +_1‘2 +2) =flxy.z.0)

Where f{x.y.z.f) is an arbitrary function (x,v.z.f). Since the first two velocity components are not
a function of time, it may be possible to assume the flow is steady and drop the time function
from the arbitrary constant.
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3.
Given: Velocity components for a 2D incompressible flow:
”:Cq__qxz v=- qzcx}:z
(v +57°) (+5?)

Assume 2D incompressible flow and that C is a constant. For 2D incompressible flow the
continuity equation is:

Taking the required derivatives yields:
% = (_.‘(y2 - x’ X— 2)()63 +y2)_3(2x)+(_.‘(— 2)5)()(2 +yj)_2
ox

(:—; = —2Cxy(- 2)(x3 +y2) 3(2y)+(7(— 2;»c)(x2 +y:) :
o

—4(7):(}’2 —j\:g)_ 2Cx . 8Cxy” - 2Cx o
(X3 +y2)J (x: +y3)- (xz +y2)— (X3 +y2)-

after some algebra and patience!
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4.

Re.f-e(‘rincﬁ to the. conktinw e.q(uah‘aﬂ for a

two-dimensional , iacompressible Flow.

In'\'e.cira,{-ing with re_spec.‘\' 1o J
2 4
Y= + 1.3 - _3.. a2
4 x¥ B x2S + C
To evaluate the wastant of m\’c%r&'ﬂm C, we note
that v=0 when N = 0. Thus, C, O and

V= }4__@__ .3.. ;:‘,

xzs
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Usiag Hhe i'ﬂ'!—%“\ Form of the continuily equaton
for sl-u:ls-j flow , we can use eguation (Z-S)hj 1
2 Vi -
F 0 s deel) + § V- AdA =0
\lol Mb
to Solve Hais ’Proue_w\, Le‘\' us draw a C.Oﬁ‘h‘o\ Nelume
between stations 1 and &,

the walls of #he
""""" / Pipe will serve as
_ a streamtube

The vectons rc.?fcsm‘ﬁlﬂ the zreas (ﬁdf\\ are divected outuand
feom e control volume ) as shown in the sketch,The

velocihies represent an assumed flows Grewm left to right, Usia
the vector dot products aad noting that the flow Pm?er'h
do ot Vary across the. cross - seEtion, we obtain:
-_— '8|\J|A\ + glvl.. A?. = o
Where V, and V, are 4he magnifudes of the velocity vectors,

—’
_O: and \fl 3 re,s;)ediwlj, Thus,

81 \/l A| = gl.\/g_ AZ (a"\-ﬂl b\.s CK"'E&\S\“N) = §3V5 AJ

(GF"’M we See ‘H\e- exPrCSS{M g'm_ S*Qad.\j, me-d?mmsfMa“
Clow ia & sireambube as:

SVA = constant
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The duct need act be s{‘ra,igh‘\“, ‘Pr'o\fidh\s} the flow Ts
appmﬁmafclé one - dimeasivnal, Thus, the. cq,mm\-i‘on is often
applied fo Hlow in curved pipes and elbows.)
Fo«- this Flo-..:, water can be assumed to be b?—
Constant densf\"j. Thus,
§5=5:
P\'S a l‘c.Su.H'_, 2

VA = VA, =V Ay = 052

Vi [% (°'4ﬂ “\a [% (o. ﬂ;_\ = \3 [% (e. 01 "o
deil\j’
\i=3973% s\, = 1595 23V 1702 B

let us use the \‘a"reﬁral foom of the @ntinu; c:(m’n“m.
Note that the effects of viscosity arc such that fhese is a
Siﬂnfﬁc.av&' reduchion of e velocidy in the wake of the
aichrl (at S’faﬁﬁ\@\. Thas, Jor dais m.c_l‘amﬁu\ar control Vvolume,
a si%m'@'tc-ank' frackion of the mass nfup ot staton (D dees
not leave 4he contml voluwme -Hnmuﬁk statin (). Thus, some
[lurd wost extt 'Hmrbua\q ?lam-.s@) and @), Ty, -!-hej are.
obuious\ts not streamlines.

_..A' =0
2—; “g.g&(»ol\ + dﬁ? -g\/ ndA
B\-S Cr.m'\'inu?‘\'g, we Know Haat e is @ ‘\)-CQM?Oﬂe,ﬁt
the woke of e airtor]l and thet

of welociiy 1
N (%, ’j\ c?&@. Aony suface (3
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Vs z U 0@}
and 'alowj surface (4
Nt = U? - «J.,.,Cx\g
Since. the flowo s s{-eéd%' the wass Fluyes Per watl- dep‘H\

v Ahe cmknuﬂ‘j equation can be written’

35-...: [u.,o’i]- [.’;:.43] + g jj [ Q&‘if-:_\,ﬂ.[q Aﬂ

- @ — » __.____-—-L —_—
‘s g: [U; Ta u’ﬂ [?d\j] + 3 50 [Um"t + Um?]-[?dﬂ

0 Loteas) Ll

Note {het dhe vertical Component of velocﬂ"j does not Arams-
:Pact flusd across the surface at stalion @ "and that the
horizontal componeat of velocity does not transport £uzd
actoss the surface at s+a+iov\s® aad,Tlu's is because

these veloes componests are perpendicular to the area
“vectors' at the station. Thus, 4

- U [ 42 |® Use :
S iH + $H CHL "L’Sﬁ"(*% .
+ S’Sa'\’mdx—kggouﬁdx=o

The last +two terms re.pre.se_n‘t the total wass flow) across
the sucfaces @ and . The. deast

'}\1 is Common to ever

tecm. We can divide b-j e dmsi{\j TS cse‘l' +he. volumetnic
—?le.o acmss©and@ [2 SL‘U@dK _ UmH
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7.

let ws apply the in'l'e.&ra\ form of the conkinw
mﬁm‘ Neote ﬂ\a‘f) Since sw?—acc.s@ N@ are S

lines , Hows gpasses 'Hmrousk 0\‘\\&-5 suchaas @ ald@).
“‘&‘

%Md&ml\‘ —~+ & g-\_/.'ﬁ‘“@o

Since. .‘H\e. Flow s incomprcssibk. and shzdj,u)e_ can
write the conbing equation as

SsUs ], 4+ s | (%4
—o— — &
Ho
- gum L (ﬂ;) 4\3 =0
4——- —_—
(Refer +o Problem 2.10 o see how o handle the
V-component oF velocty ot statm @)

_ ol (2H) - Ve [° L 2l (4}
8( 3 Hv(Z‘_“p-" I-er(z-

Hy
=0

(=]

Reecraaging and dividing through by ol (which
Widing throug ¢V (which is a
Common factor to evesy ‘h-“'“\, \UL“)OHE.M:

Hu"' '|2: HD
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et us apply the. integral form of the tan‘h‘m[h.r e,g‘un.h‘m.
Note that the effects of viscosity have Caused 3 scqnificant
reduction of udoci‘tj in the wake of the airfml (at s\-atim@),
As =2 resull, there is 2 ‘\J-Con?one_vd' o veloaty whateha,
Produces 2 ™M3ss fluny across Plane.5® aud@, cause -l-keJ
are honzontal (?upm&{m\a._r 1o the - conponent) .

The flow is steady aad incompressible, As a cesult,
the ‘mh-.ﬂral Cov\ﬁnuﬂ'\-‘ eg‘uoj-‘[on becsmes.

ﬁvoﬁdAfo
S;H[U,,f]-[-’fdﬂ * SH [Um(i-ascos{—‘ﬁma« 0’3;}- [’Edﬂ
—@—= - @ .
e Twt o) fiod - I [t o

Note that the vectical com?anea‘t of veloci-l\j does not
transport flurd across the surface at station @ and that

the horizontal companeat of vdbc{hj does not %ansyar‘l‘ flud
across  stations (3 and @), This is because these veloc;
CoMpanm‘l‘& are perpeadicular fo the area “up_c__-\-ws"_‘[hj;]

+H
- Uw (2H) + Us [\3 - 05 ETFH" Sin %‘i—]

4

-H
L L
+So Ve d"]_ -+ Eoﬂmdﬁ =0
The last 10 terms n:Prese.n'i' the total volumetric. flow
across sur ces @ an.d@ Since the flow is pla.nar

SSMMLHC at stakens @D n..ui@, we'll assume that the
Volumetric  low rate ac.ru.ss@ is er;u.nl b hat across @

[2 S: Ve d‘L-3= 2HUyx — ZHU, * ﬂ.r-ru-ﬂ[t )

L - HUg
[z L Ay, dat] = Z_W
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9.

let us =2pply the in‘fegra-l form of the c.on’rinujcl-xj
equation, Note thst, since surfaces @ and (@) ace
streamlines, Fluid can cross onlu) surface s @aﬂd@,

Snce. the Flow i3 steady,
sttady =0

LT -+ B sV RdA= O

Because the flow is incompressivle (e, §= constaat),
*Hu +|-§p

-~ - Iy =

SUa; S"-Hu.. ciu) -+ ‘gLJm S-HD (1 0.5 cos ZHp)dj O

Note that we have eliminated the 4- Componeat of veloa
ar shtehon @, since ¥ doesn 't contrbute 4o the mass

Clu-)(. See the discussim of terms mug.'i'ﬂ Problem 210.
We can divide '!'hrouﬁh bs.] SUQ:. and obfain .
+Hp
ZHp . TT“!K -
-2H, + [tj — 05 = sin 7H, o =0
. _ H 7-
- 2hu + [2Hp = 22 (14 1)] =0

Hy = HD[1 - _‘f] = 0.681% Hp

10.
- _a__!._ av 3_' — —
Tr gt v e aw Y
— o~ A j ¢
T= 260 - 10] + [or2uy o] {240 - 4]
- [qgjl + 1O’(::H_2':('E~ -thj ﬂ 4 25 f_o]
when (4,4, 2) is (3,0,2) and t=1

—r

F= 1 [e-¢0] +4[-10]=-58%-10f
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11.

Given: A mass flow rate for the cabin air of:

1, =—0.040415 p—j;[Af,,,,e]

Jr

Using the Ideal Gas Law and the definition of density:
m
= pRT =—
pP=p P v
The pressure becomes:

m
=—RT
T
And the mass flow rate equation can be rewritten as:
. m, o
’n{‘ = _0’0404] 5 ?L R(- T: [Ahn."ae]

and:

i 0.040415
m_‘- = —T R‘_. \/F,_-[Aa’rm'ﬂ]

o

But the mass flow rate is defined as #2 = dm/dt and the relationship can be integrated as:

o Q005 p g, [

e M

where i represents an initial value and frepresents a final value. Solving for the final time:

_ {,L l H?( )
t = n| —
7 0.040415R\[T 4,, | m.

Since T, =22"C we see that m, /mc,l =P¢-_/}’c and:

[ —¥ e
" 0.040415R ([T 4,,, | .

Using ¥ =71 m’ and consistent units, we get:

t, =5589s = 1.55hours
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12.
le¥ us aﬂ)lj the in*uir-e.\ form of the momentum eqru.a*'i‘m.

Since. we are interestedl i the dreq, we only need Yo consider
the Y-component of Hits vector equation. Refer to the solutim

for Peoblem 2.F for Hhe discussion of the Cnn.ldm.x.EH earun.‘hM
of Has flow.

ZF = 2005 o Vy dtwol) + § (5N AdA) Vg

Since the pressure. is constant ouver the external surface
of the contrsl Volume, the mlu! Lo for Hhe left-handl side Ts

the Force of the atrfoil on the Fluid withid the cowtrol
Voluﬁtj which s fhe neﬂaﬁw_ of He dr-aS per untt :\oan.

-d= S Sj: (Umft\(—- de_uf
te | et - ) (4g)] =
- @ >
ro § gt gg\-mﬁ\] Loy

t 5 [0+ g ()] e

+g 0 [ -wd) (- T,

T\L::']-e. that because nﬂ He a?pm\f.ln-.aﬁnns 'Hin‘i‘ we_ Haue_,
ﬁmploqac[ 5 the uda;[—l—\_] at the bm&m“zs@ and @ ad'u.aﬂj

exceeds Us , while the stelic prosswe remaias u.-tr.'nmqtgu
These are. "“sSecsnd-order incomsistencies ) intreduced) b\j S

flows model approvimations.
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Hol-r_ also Hra,{-' Y IS Some Ltlﬂsp:.t:.rﬁed. -Gmc:\i‘oq .-_»,-P{_,

The exact finctiona | ml&%‘mshp is not impcﬂi'an'[',
USiﬁ,j the result from the 'applfcih‘m of the 'l‘.nn+fﬂu.f+"]
eqmﬁm in ’Pmble_m 240 .

L

3,0

T —ge w5 9% (3

-H
+ 3%(35 \Hr + eUs [Z LL'U,, cif]

Can be Written:
) t : H
—q=-¢Ui(ZH) 4 gUs 5 + gUL S+ eUsH

d 3 sV H
- 3 1
Ca= 1 , = " = o - 0.0t
7 6Un C +%Uo C
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13.

This (s very similar to Probleam 2.2%, except that He
side Doundades of the control volume are skreamlines, Thus,
instead of using the conﬁnu..'d-\j equation To determine the
flows through sides (B and (B)as s dove R Problew 2,21,
the cnnh“nuil"-’ equahon must be wsed To determive +Hhe rg.'iaifaﬂ.
between Hu and Hp,

ad:%ah, Yhe pfgssur:. s comstont over the exierna| surface
of the control volume for this s’rudj‘, i‘nm-m]t:ms:fue_ Llovo.
Thus, the only force a.c,h on the system of the flad
particles mi;lm the. c.;“hul voluwe 15 the neqafive of fae drey.

-d=fj RICSNEIES
- @ ——

+ g El [(—u.,, —;‘t—n’i“-uﬂ(faﬂ(-mﬁ)

- @

L gt o) Gal0e)
@

There. is ne momentum transport across boundaries @
Eﬁd@ since '{-LE'-E are SHiM[rﬂ-ﬂi Hp
1 _\j“_
-l- fUan [3{_1[;-(5

—d= 'SLJm [ZH1 + 35U 314;,

d= tUs EZHu‘%Hf’]
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| Ne can wse Hhe l‘n.i‘c.ﬁral continw eql__mlfm o
dekermine the relation between Hy and Hp Tor Hais s-]-r.nlj,
incompressible Flow

"l e« e -of) a(wj\]

- @ B f———

+j [( g‘.}ﬁug (Lm]

_n'tu.,S, U ZH'-._{- %ni— G + Uu:| H-D_O
P l-np ZHp a
Therefore, Un2H, = Uy Hy
as was shown in Problem 2.1, Hy = % l-ln
d= gUS [Ho-FHo)= LUl o
d ) L U (-
= = 23 (4.0"-) L - 0.01ct

‘T.SU“;-C Jl-_g..Umlc. )

As one weuld expect, we have 3:.{#4'\ the same
fesult as was obtained in Preblew 7.28. Thmcth

the result Is nob dapm&u.d‘ ont the Tonkol velume,
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14.

Let us appl~3 the l‘aie.%r'al form oF the momentum equa-
tion, Since we ace interested ia He draa acting on he
airboil ) which i3 alnﬁm-_cl widh the x- XIS, we Need m{j consider
the ¥-componest of this vechr equatim.,

Zh = 2000 sV dwod) + & (7 AdA)Vy
Since afmospheric Pressure acks over the enhire exienal
surface of the control volume , the o,‘[‘.’ Lrce admﬁ on the
Fluid parfictes witkin the conbrol volume (f‘@u the \eft-hand
side of this e.q(w.h‘m\ is the neqative of the dr-a.,g, Further—
more, the fHow is steady and the frst dorm on the r-hah*-hau\c\
side is 2ero, The flow 15 incampressible (or the demsity 7s

Car\s*\'ang_ Thas, .
-z + gl fU.?) - -2e) Vo

+ S gj: I[an'ﬂ-gr_ns ;—%\T iu?’]-(’?dW]] [Um(-]._
e ﬂﬂ + 2 {3 [ an ]G0 e
-d= g‘*—lvg' + SLL_V L‘L—cos—,}mzscos 1—;}]

+ 25- Us | 4a dx
We can use H«z mh%ral form of the :.nnhnw.h‘ &@mﬁm
to fad 5 dy

S (Uﬂ ‘5 ("‘d‘h* 'S [%(1—05%5%)‘-
+1}Eﬂ‘(f1‘:dj\ + z.fjo [U.ﬁ,,i"L -i-dwfa-l.g.{x:Q

+H

-H T ‘Suoog (1-O-c.;¢.us %\dj

_Sum\j
-+ lfT Vodi = O

- gUa (2H) +5U (2H)
—guw Z"'[1-C 1\]._\-1- 25 u iv=0

Th _ 2H

ws, 2% So‘dadxt- $Ue 5

g\.\bsh’i’uﬁnﬂ Hus mesalt info the momentum Lg‘m"l-.m
L Z +H +H

~d= - tle (2#) + $Y% ("."}’-H - % siA %r_g_ -
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15.

let us apply the inkeqral equakions
to solue this proem. Aqsir, sine atmosphesic prssure ects
ouer the externsl suwiace of the contl volume, the onl
;jwr.f_ achirgq on the Fluid PaPHdE.S within the Contro| veluwme, e,
the left-hawd, side of the Mhﬂm\ oM et eqsadion , is He
negative ol the . Fw'l&ermj the How s sheady, so Hhat
e First term on Hhe ﬁi\ﬂ.ht’\n.m&_ side. of e eme ati t}uﬁ-‘ﬂ.
s zero) inconPres:-'bl& y Sodhat He deasy is mrlmd-g andl
Surbaces @ M@ afe S’fﬁtamﬁde.s.'nmﬁ, ece i3 no Huy

of wmomenhm 2ecoss these Si'rtamlme.s
+hy

- ‘?Um S-HC{B + g [Um(l-or;c_as -ﬂ-}
P— fia05m5 -g-)
- §Us (ZHy) + Uy S' (1= 1o cos T

2 a0y
+ 0.25 cos ZHp\d‘i

—d= _ 3U=:(ZHU\ + gU.:‘ [y - z—ﬁz s:ﬂ%
+

_L( 5 ZHp oo Ty
+q- A{- am " 2o -Hp

-d = - -gUmL(ZHU\ u gLL:'(ZHD\ - EU:E?HD(HQ
+ gUm"-E{("iZ &n\
Us-m.a the results from Problem 2.13 Hiat
Hy = (1 - "L') Ho
-d= —g\.)m HQLZ—-TF—E.A-%_---}F]

d= <UZ Hp (0.3860)
The dr"e.o& coe Hicient is:
C4= 1 d _ Y (0.0250) (e 3%6)
sum LSU@ C
p'!gain, Comparison of the results frem Problems 2.30 3ad 2.3
Shows that the d.ruj coefficieat dees act depend on the
Control volume chosen.

= 0.019353

Dr./ Ahmed Nagib Elmekawy 17 of 19 Aerodynamics - Sheet 2 - Solution



SPC 307 Zewail City - University of Science and Technology = Spring 2017

16.
a) Given:
Diameter of golf ball (d) is=4.5 cm
Velocity of golf ball (u.) is = 60 m/s.
From Table 1.2, at standard sea level atmosphere
pe=1.225 kgint’ u==1.7804 %107 kg/m-5
And the sound speed a.= 340.29 m/s

|  Pli=d_ 1225%60 %45 x 107
S0 Rew, o= — 1.7804 % 10

L=

Re. g=1848 x10°

u, &0
M.= a.  340.29

= 0.176

b) Given:
Characteristic length (L) 1s=70.6 m
Speed of Boeing 747 (=) 15 =250 m/s
From Table 1.2, at an altitude of 10 & from sea level
P=04135 kgim’ j=1.4576 x 107 kg/m-s
And the sound speed a== 29053 m/s
,E.‘rmﬂxd_ 04135 =250 <70.6

S0 Rew o= — 14576 % 10
Re, ¢=5 %108
Uy 250
M= 22 = oo e = 0834
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17.

18.

(@) Mg = 3.0 af an sltitude of 20km, Using Teble 12
- k
= 235,069 % ; My = 1421610 S KL go = 00883

Re, = (00829 L(2.0)(295 . 069)] (10.4) _ B
’ 14216 % 1073
Agﬁm, the ee\.snolds nu.mbu‘&:f & kfsk-s?u& mrPlQMe IS

in excess of 104
(b\ \Qe?u-rins o the previous frob\em, we ‘@Du.“_y\ e
Eng\i“s\« it values for the den:H-\] and f Hhe vr:cosf'l'-]

ot sea level. Thus, - .\ S20 2t
(2.’5}5‘&(0"3 LEEQ_E-)[(“,Om\ 3600 }_ ](*opt\

g!m L =
! -3 \be.s
3.44‘07‘10 -—F*'—"_"
Reaw,L = 5963 x|0°
Given:

Mach number of SR-71 (M,,) is = 2.0.
From Table 1.2, at an altitude of 25 Jn from sea level
Temperature (7.,) =221.555 K

From Mach number and total temperature relationship

Tr_ y-1 2 L
T—w—1+ TMOO Forawry=14

14-1

T,=221.555 (1 + [2.0]3)=398.8K

v

The total temperature is much higher as compared to the static temperature. Hence the kinetic
energy of this flow is very high. Therefore the convective heating can be a problem for air craft
flying at this speed.
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