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Shear and Moment Diagrams

Beam Sign Convention
The positive directions are as follows:
 The internal shear force causes a

clockwise rotation of the beam segment

on which it acts.
* The internal moment causes
compression in the top fibers of the

segment such it bends the segment so

that it “hold water”. | vV v
I .
Positive internal shear

M M
B (e

Positive internal moment

Beam sign convention

P T ——

Simply supported beam

Cantilevered beam

Overhanging beam

§

i




Shear and Moment Diagrams

Example 1

Draw the shear and moment diagrams for the beam shown in the attached figure.

Wy
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2 (b)
> F, =0 = W7"—WX—V =0
Vv :w/(%—xj (1)
>M =0 = (W%‘jx—(wx)(gj—l\/l =0
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Shear and Moment Diagrams

Example 2

Draw the shear and moment diagrams for (“" A25% S
A = ' — v
the beam shown in the attached figure. o

O S Xl < 5 (a)
80 KN‘m
(T 'D : 15 kN i
X -V B /m

80 kN'm l‘l£$§$lli

.75 kKN (

A
ZFY :O — 575_V :O ? Sm
V =5.75 kN 0 575 kN 34.25 kN
> M =0 —  —80-5.75%+M =0

M = (5.75x, +80) kKN.m (2)



Shear and Moment Diagrams

9<X%,<10

> F, =0
5.75-15-5(x, —5)-V =0
V =(15.75-5x,) kN 3) Sah

M =0

—80-5.75x, +15(x, —5) '

+5(X2 _5{ X22_5j+ M — O M (kN-m) \,‘._’
108,75
M =(-2.5x2 +15.75x,+92.5)kN.m  (4) \4,/\\

\ {m)




Before deformation

(a)

Horizontal lines
become curved

Vertical lines remain
straight, yet rotate

After deformation

(b)




* Prismatic beams subject to equal and opposite couples acting in the
same plane are in pure bending.

50 1b 50 1

BC = 80 “) RD = 80 “)
(a)

M =9601Ib - in. M’'=9601b -in.
(b)



Pure vs. Non-Uniform Bending

* Pure bending: Shear force (V) = 0 over the section
 Non-uniform bending: V # 0 over the section

Non-uniform bending
* Moment — normal stresses

+ Shear force — shear stresses

Pure bending
* Moment — normal stresses

—)

M =960 Ib - in. M'=9601b -in.
(b)




Bending stress variation

the resultant internal moment acting at tne cross secuon.

the moment of inertia of the cross-sectional area about the neutral axis.

perpendicular distance from the neutral axis to a point farthest away

from the neutral axis. This is where g;,,, acts.
the maximum bending stress in the shaft, which occurs at the outer surface.

perpendicular distance from the neutral axis to a point where ¢ is to be

calculated



Bending a Cantilever Beam under a Concentrated

Load
X 4 v
. _h
e - | —
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Bending a Cantilever Beam under a Concentrated

Load
X 4 v
:: _h
< - | —

Displacement. magnibade. m
Determatien scale: 513128
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Bending Stress

-13290 Min
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Bending Stress

13290
10337
1 73835

| 24301

_| 14767

M 14767
4430.1
73835
10337
-13290 Min
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Bending Stress

ANSYS

R14.5
Academic

-13290 Min %

ANSYS

R14.5
Acader

-13290 Min



Bending Stress

-13290 Min
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Bending Stress

-13290 Min

17



Bending Stress
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Bending Stress

Ri, = 10 inches

J
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Bending of Curved beam

Displacement Stress in x direction
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The Bending Formula

Example 1

60 mmgh

A beam has a rectangular cross section and is
subjected to the stress distribution shown in the

figure. Determine the internal moment M at the

section caused by the stress distribution. // b &
20 MPa
3 3 (a)
I _bh_ 60(120) =840*10" mm*
12 12
O rmax :MC = 20 = M(6O)4
I 840*10

M =288*10* N.mm




The Bending Formula

Example 2
The simply supported beam has the cross-sectional area shown in the figure.
Determine the absolute maximum bending stress in the beam and draw the

stress distribution over the cross section at this location.

20mm " I = ]
SKN/m ’ 4
b 150 mm
(
T ——————————— Nr————n .
; z 20mm o |-
% 3
e a 150 mm
20mm ' . g
" |
-« 6m ~ i)

- 250 mm-—»



The Bending Formula

=3 (T +Ad?)

= z[% (250)(20)° + 20~ 250*1602}

+ [é (20)(300)3} =301.3*10° mm*

O max =

Gmax
301.3*10°
—~12.7 MPa (

M. _225*10°*170
I ]

" '
20 mm
1

\
20 mm
[ )

i

V

20mm o |«

' |50 mm
(

1500 mm

-“

o250 mm-—»




The Bending Formula

Example 3 2.6 kN

The beam shown in the figure has a / =

cross-sectional area in the shape of a '

channel as shown in the attached figure. | J

2m

Determine the maximum bending stress o)

that occurs in the beam at section a-a. e 250 mm =
g XVA _ 2*100*15%200+10*20*250 S | s
A 2*15* 200 + 20*250 |5 mm 1 - I « |Smm '
=59.09 mm (b)
Z M, =0 :.;lk.\‘ R s
LU sl | M
2400*2000+1000*%59.09-M =0 - & -t—>)+ N

M =4859*10° N.mm -




The Bending Formula

=3 (T +Ad?)

= 2[% (15)(200)’ +15*200*(100 — 59.09)2} \,

+ E (250)(20)° +250*20*(59.09 —10)2}

—42.26*10° mm*

M ~ 4.859*10° *(200-59.09)
AR - 42.25*10°
=16.2 MPa

=250 mm
y B L)
b |
SY.0% mm -I
N—F o 2
I5mm «f |- Tr




Section plane

Where

7 The shear stress in the member at the point located a distance y' from the neutral
axis. This stress is assumed to be constant and therefore averaged across the
width t of the member.

Y The internal resultant shear force, determined from the method of sections and the
equations of equilibrium.



The Shear Formula

I The moment of inertia of the entire cross-sectional area calculated about the

neutral axis.

t  The width of the member’s cross-sectional area, measured at the point where t is

to be calculated.

Q@ =y’Awhere A' is the area of the top portion of the member’s cross-sectional area,
above the section plane where t is measured, and yfis the distance from the

neutral axis to the centroid of A’.

Example 1

Determine the distribution of the shear stress
over the cross section of the beam shown in the

attached figure.




The Shear Formula

sy
Q=yA=|y+% (E—yjb=

\ Y
Applying the shear formula, we have

2

vQ 2/ 4 Y, (hz
- =2 L
It (1bh3jb bh*| 4
12

This indicates that the shear stress distribution

T =

over cross section is parabolic with maximum
value of (1.5V/A) at the neutral axis and zero at

top and bottom as shown in the attached figure.




It is important to realize that z,,, also acts in the longitudinal direction of the
beam as shown in the attached figure. It is this stress that can cause a timber
beam to fail as shown in the figure. Here horizontal splitting of the wood starts to
occur through the neutral axis at the beam’s ends, since the vertical reactions
subject the beam to large shear stress and wood has a low resistance to shear

along its grains, which are oriented in the longitudinal direction.




Shear Stress due to bending

Consider a cantilever beam composed of separate planks clamped

at one end:
Pure bending

Shear force l P

Shear force causes tendency to “slide.”

Stresses are equal in horizontal and
vertical directions. T

30



The Shear Formula

Example 2 20 mm

A steel wide-flange beam has the | o i 4

F
I>mm _—
- 100 mm

dimensions shown in the figure. If is

{ _7__..--"'3<Jmm f
subjected to a shear of V = 80 kN, plot 2
- - o=
the shear-stress distribution acting over ; / . TV =80 kN

the beam’s cross sectional area.

3 3
|:{15(200) }2{30(;(50) +300(20)(110)2}:1556*105 mm*

12
For point B’ [f 0300 m
tB' — 300 mm o g | B 0.100 m )
Qg =yA' = 110(300* 20) =66*10* mm® T

35 ]




The Shear Formula

* * AR *1N0N?
TB,=VQB' :80 1000 566 10 _113 MP3
It,  1556*10° *300

For point B
t; =15 mm
Q; =Qp =66*10* mm°
* *RAR*1N%
:VQB _ 80*1000 ?6 10 _ 996 MPa
It; 1556*10° *15

For ppint C

Ty

t. =15 mm
Q. = y'A'=110(20*300)+50(15*100)
=735*10° mm”*

f
A’

\',

D.O0IS m—~f-

D100 m

o A




The Shear Formula

VQ. 80*1000*735*10°

: = 25.2 MPa
It  1556*10°*15

To =

From the attached figure, note that the shear

stress occurs in the web and is almost e 1s A
R é

L g = 22.6 MPa

uniform throughout its depth, varying from
22.6 MPa to 25.2 MPa. It is for this reason

7c = 252 MPa

that for design, some codes permit the use of
22.6 MPa

calculating the average shear stress on the oY S L3 mpa

d
e e P P e wem

cross section of the web rather than using the

shear formula: that is,

*
Tay =V = 8071000 =26.7 MPa
> A 15*200




The Shear Formula

Table 3-2

Formulas for Maximum
Shear Stress Due to

Bending

Beam Shape Formula Beam Shape Formula

D D

max — QA max — A

Rectangular
Hollow, thinrwalled round

_4v v

Tmax = A Tmax = Aneh
Web
Circular Structural | beam (thinwalled)




State of Stress Caused by Combined Loadings

In previous chapters we developed methods for determining the stress distribution in
a member subjected to either an internal axial force, a shear force, a bending moment,
or a torsional moment. Most often, however, the cross section of a member is
subjected to several of these loadings simultaneously. When this occurs, the method

of superposition can be used to determine the resultant stress distribution.




Transformation of Stress

« Recall the general state of stress at a point can be written in terms of
6 components: g,, 0y, 0,, Tyy™ Tyxs Txz™ Toxe Tyz™ Tzy
« This general “stress state” is independent of the coordinate system
used.
« The components of the stress state in the different directions do
depend on the coordinate system.
Y

36



Transformation of Stress contd

* Consider a state of plane stress: 0,=1,,=T1,,=0

» Where does this occur?

OQuter surface




Transformation of Stress contd

* What do we want to calculate?
— Principle stresses (g maximum and o minimum)
— Principle planes of stresses (orientation at which they occur)

« Slice cube at an angle 6 to the x axis (new coordinates X', y’).
« Define forces in terms of angle and stresses.

- §
a,

\
L
25

T
i

—_—

ill'._,.l,

e B

-
e

|
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Transformation of Stress contd

» Sum forces in X direction.

o, 'Ad= JI(M COS t?)cnst9+ cr},(M sin t?)sin & o, (AA i_}
+7,, (A4sin @)cos O + r(Adcosf)sin & ryy (AA cos 6)

Ty LAA sin 8)=

1 2 . 2 -
o,/=0,cos" 0+0,sin” 0+27, sinbcosl o. (AA sin 0)

Sum forces in y’ direction.

7, 'Ad=—0 (Adcos)sin 6+ (Adsin B)cos 6 -1, (Adsin 6)sin 6+ 7, (A4 cos 8)cos &

T, = (EF,—G'I cos@sin@+7_(cos® &—sin’ &
xy ¥ xy

39



Transformation of Stress contd

o.'=0_cos O+ o, sin” 8+ 27,, sin@cos &

c,to, 0,—C

G, '=— 5 L+ 2 > Y cos(26)+ Ty sin(26)
To get o/, evaluate o, at 6 + 90°.
c,toc, O©,—0C ,

c,'= . L — 5 > cos(26)- 7, sin(26)

Ty'= (c}'}: —r}'x)cnsﬁsin &+ z'ly(c:}sz 6 —sin’ 6")

% sin(26)+ 1, cos(26)

40

Trig identities
2sin fcos@ =sin(28) cos’ O =

cos” @—sin’ @ =cos(28) sin’ =

1+cos(26)

2
1-cos(26)
2




Transformation of Stress contd

o, '= O ;Jy M. ;5"" cos(26 )+ T sm{ﬂ,ﬁ}‘ o,'= ks ;U"" O ;ﬂ—y cnﬁ{lﬂ]—rw sin(28) Ty = _ ;ﬂ—y sin(268)+ Ty cos(26)
Now, let's perform some algebra:
. +0o. )
__ X ¥ 24_
[gx : ) priis
Constants (we can ————; — T r——————————
find these stresses). o, +0, G, 0, > |
_____ ; - rx],l
/ I A 4

Variables

41



Principle and Max Shearing Stress

Define

2
o, :l(r:-'l -I—D'}.) R’ :(J"_ﬁf] +17,

2
Plug into previous equation

2
L O, +0, ,, [o.—0,
o ' +7,'=
2 2

(o

X

Which is the equation of a circle with center at (o,,.,0) and radius R.

42



y' J

Summary

tan 29p =

”.min

Principal Stresses

— 2
B N gy ﬂ'_}, 5
O max, min — 2 — 2 + T.x}'




Example 1

For the state of plane stress shown in Fig., determine (a ) the
principal planes, (b ) the principal stresses, (c ) the maximum
shearing stress.

a. Principal Planes. Following the usual sign convention, the

10 MPa
stress components are
o, = +50 MPa o, = —10MPa Ty = +40 MPa 10 AP
Substituting into Eq. (7.12),
tan 29, = v __2A+40) _ 8 50 MPa
o, — o, 50— (—10) 60
26‘p = 53.1° and 180° + 53.1° = 233.1°
0, = 26.6° and 116.6° (a)
L _ ) T pnin = 30 MPa
b. Principal Stresses. Equation (7.14) yields 70 MP
B Omax — 11U MFa
o _|_ o o — o 9 ,’ ,\
o =+ F + \X (‘—-‘-’) + 72 Ag N6, =266°
max, min 2 2 xy N * A S x
P

=20 = V/(30) + (40’
Omax = 20 + 50 = 70 MPa
Omin = 20 — 50 = —30 MPa k)



¢. Maximum Shearing Stress. Equation (7.16) yields

Tonax = \f (UI ; = )2 + 72, = V/(30)? + (40)* = 50 MPa

45



Example Problem 1

For the given state of stress, determine the normal and shearing
stresses after the element shown has been rotated (a) 25° clockwise
and (b) 10¢ counterclockwise.




Example Problem 2

Sample Problem 7.1 in Beer’s Book

A single horizontal force P with a magnitude of 150 Ib is applied to
end D of lever ABD. Knowing that portion AB of the lever has a diam-
eter of 1.2 in., determine (a) the normal and shearing stresses located
at point H and having sides parallel to the x and y axes, (b) the prin-
cipal planes and principal stresses at point H.




STRATEGY: You can begin by determining the forces and couples
acting on the section containing the point of interest, and then use
them to calculate the normal and shearing stresses acting at that point.
These stresses can then be transformed to obtain the principal stresses
and their orientation.

MODELING and ANALYSIS:

Force-Couple System. We replace the force P by an equivalent
force-couple system at the center C of the transverse section contain-
ing point H (Fig.1):

P=150lb T =(1501lb)(18in.) = 2.7 kip-in.

M, = (1501b)(10in.) = 1.5 kip-in.

Fig. 1 Equivalent force-couple system
acting on transverse section containing
point H.



a. Stresses o,, oy, T,, at Point H. Using the sign convention
shown in Fig. 7.2, the sense and the sign of each stress component are
found by carefully examining the force-couple system at point C

(Fig. 1):

Mc +{L5 kip+in.)(0.6 in.)
I mr (0.6in.)"

o, = +8.84 ksi

Tc (2.7 kipin.)(0.6 in.)
=+t——=+ = +7.96 ksi
bt J L7 (0.6in.)" oy :

49



We note that the shearing force P does not cause any shearing stress
at point H. The general plane stress element (Fig. 2) is completed to
reflect these stress results (Fig. 3).

b. Principal Planes and Principal Stresses. Substituting the
values of the stress components into Eq. (7.12), the orientation of the
principal planes is

27 2(7.96)
ox—oy 0— 884

tan 26, = = —1.80

20, = —61.0° and 180° — 61.0° = +119°
f,=—305° and +595°

Substituting into Eq. (7.14), the magnitudes of the principal stresses
are

Ty T Ty Oy — Oy )
‘Tmax,min=—i - = +Tr_r
2 2

0 + 8.84 0— 8.84Y
- + J(T) + (7.96)° = +4.42 = 9.10

— |-

Fig. 2 General plane
stress element (showing
positive directions).

-—l T—-—HE:Q

i

l

Fig. 3 Stress element at
point H.




T = + 13.52 ksi

O min = —4.68 ksi

Considering face ab of the element shown, 8, = —30.5° in Eq. (7.5)
and o, = —4.68 ksi. The principal stresses are as shown in Fig. 4

Ty = 13.52 ksi
\\iﬁp —30.5°
= 4.68 ksi

mm

Fig. 4 5tress element at point
H oriented in principal directions.
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Example 1
A force of 15 kN is applied to the edge of the member shown in the figure.

Neglect the weight of the member and determine the state of stress at points B

and C.

15kN
LSO mm J_SD mm_l

L ¥

20 mm




State of Stress Caused by Combined Loadings

, 15 kN
Normal Force J

__P_ 15000
A~ 40*100

4 C
Bending Moment B - 7‘? el
g \,4

7 700 KN-mm

+* 15 kN
Mc _ 15000*50 _11.95 MPa

=3.75 MPa

Oax — 1
2 400100}
12

Superposition
i = -
-~ J 3 > .y -
C Ll C T ITL B C
£ Sosis g 2 '.,' i"i L N SN 2.5 Nlpl-j:.t—,"u' I’} 4 Wyl T
T 315 MPy WM g £ b L 15MPa s ghip,  13MPy
3.75 MPa 11.25 MPa “ 11.25 MPa 7R L-

(100 mm — x)
Combincd Loading
(c) (d) (e) () (g)

Normal Force Bending Moment




State of Stress Caused by Combined Loadings

7.5 15 os =11.25-3.75=7.5 MPa

x 100-x o. =—11.25-3.75=-15 MPa
Xx=33.3 mm
Example 2

The member shown in the figure has a rectangular cross section. Determine the state

of stress that the loading produces at point C.

C - I.5m
.

e §

e .’._‘7’(' mim “(); 9 /// 2.5m

| 125 mm

’
L | 15m | //
SO mm

4m - 2m .




State of Stress Caused by Combined Loadings

21.93 kN

I i g ) 16.45 kN
( \
1‘ M

21.93 kN

Normal Force

*
_ P _ 16.45*1000 _ 1132 MPa

O-C
A 50*250

Shear Force

7. =0

C

4m
125 kN

<
/
.
hJ
.25 m
-
if
|

97.59 kN




State of Stress Caused by Combined Loadings

Bending Moment

Mc 21.93*1000*1500*125

Oc = | 1 =63.16 MPa
3
~~-50(250)
12
Superposition
o= 1.32 MPa 7 =10 o = 63.16 MPa
= »/
L “1; o ('M“,'t ( |
i [ + s+ |
L bz =
Normal Force Shear Force Bending Moment

o. =—1.32-63.16 =—-64.5 MPa —fif fl— 64.5 MPa




State of Stress Caused by Combined Loadings

Example 4
The solid rod shown in the figure has a radius of 7.5 mm. If it is subjected to the

force 500 N, determine the state of stress at point A.

S0ON

\ 1 UU mm

SOON (140 mm) = 70 000 N ‘mm

:,—-f‘-""-' ”0 mm

\ SO0 N

Normal Force

P 500
(GA )y = =

= = =2.83 MPa
A 7z(7.5)




State of Stress Caused by Combined Loadings

Bending Moment

*x *x*
(aA)y — 'VI'C — 500;40 15 _ 211.3 M Pa
 (15Y)
64( )
Superposition

\ﬁ\z.ss MPa \Ekl 1.3 MPa

Norlnal force Bending moment
(500 N) (70000 N-mm)

S00N

(04), =2.83+211.3=214.13 MPa




State of Stress Caused by Combined Loadings

Example 5
The solid rod shown in the figure has a radius of 7.5 mm. If it is subjected to the

force 800 N, determine the state of stress at point A.

i’,

S00N (140 mm) = 112 000 N-mm 800 N
b 8

AN C
SO0 N (100 mm) = 80 (0 !\'-mnj.‘) 100 mm =
SO N .
l 140 mm
140 mm >y
g
Shear Force
: A=
_ 4*75(1 5
Q=yA = ~ (7.5 |=281.25 mm® | -
37 \ 2 C =




State of Stress Caused by Combined Loadings

*
(r,) J% - ioo 8125 _ 604 MPa
(154)(2*7.5)
04
Bending Moment O, = 0

Tc 112*1000*7.5
Torque (Z'yz )A =— = o =169.01 MPa
)
32

SuperpOSItIOn 80 000 N-mm {’

¥ Y2

(Tyz )A — 604 + 16901 200 112 000 N-mm . '\;"'/ '
. gl .04 MPa " 169.U MPa
— 175-05 M Pa jf:ir force llcnji‘ng moment l'or lﬂ:al moment

(800 N) (R0 000 N-mm) (112 000 N-mm)



State of Stress Caused by Combined Loadings

*
(r,) J% - ioo 8125 _ 604 MPa
(154)(2*7.5)
04
Bending Moment O, = 0

Tc 112*1000*7.5
Torque (Z'yz )A =— = o =169.01 MPa
)
32

SuperpOSItIOn 80 000 N-mm {’

¥ Y2

(Tyz )A — 604 + 16901 200 112 000 N-mm . '\;"'/ '
. gl .04 MPa " 169.U MPa
— 175-05 M Pa jf:ir force llcnji‘ng moment l'or lﬂ:al moment

(800 N) (R0 000 N-mm) (112 000 N-mm)



